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Entanglement in the interation between two quantum osillator systems
ILki Kim and Gerald J. Iafrate
Department of Eletrial and Computer Engineering, North Carolina State University, Raleigh, NC 27695
The fundamental quantum dynamis of two interating osillator systems are studied in two
dierent senarios. In one ase, both osillators are assumed to be linear, whereas in the seond
ase, one osillator is linear and the other is a non-linear, angular-momentum osillator; the seond
ase is, of ourse, more omplex in terms of energy transfer and dynamis. These two senarios
have been the subjet of muh interest over the years, espeially in developing an understanding
of modern onepts in quantum optis and quantum eletronis. In this work, however, these two
senarios are utilized to onsider and disuss the salient features of quantum behaviors resulting from
the interative nature of the two osillators, i.e., oherene, entanglement, spontaneous emission,
et., and to apply a measure of entanglement in analyzing the nature of the interating systems.
The Heisenberg equation for both oupled osillator senarios are developed in terms of the rele-
vant redued kinematis operator variables and parameterized ommutator relations. For the seond
senario, by setting the relevant ommutator relations to one or zero, respetively, the Heisenberg
equations are able to desribe the full quantum or lassial motion of the interation system, thus
allowing us to disern the dierenes between the fully quantum and fully lassial dynamial pi-
ture.
For the oupled linear and angular-momentum osillator system in the fully quantum-mehanial
desription, we onsider speial examples of two, three, four-level angular momentum systems,
demonstrating the expliit appearanes of entanglement. We also show that this entanglement
persists even as the oupled angular momentum osillator is taken to the limit of a large number
of levels, a limit whih would go over to the lassial piture for an unoupled angular momentum
osillator.
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1. INTRODUCTION
In this paper, we study the quantum dynamis of two interating osillator systems in two dierent, but very well-
known senarios. In ase one, both osillators are assumed to be linear, and in ase two, one osillator is assumed to
be linear, while the other osillator is assumed to be non-linear (angular momentum osillator). We study Heisenberg
equations and the time evolution of the wave-funtions |ψ(t)〉 = e−i Hˆ t/~ |ψ(0)〉 for both ases to disuss the quantum
interative behaviors between the two osillators therein, e.g., entanglement, spontaneous emission (in ase two), and
quantum versus lassial dierenes (in ase two). Entanglement, an impliit non-lassial ingredient of interating
quantum systems, is the key to enabling quantum omputation, whih allows for the solution of ertain lasses of
problems more eiently than the lassial ounterpart (see, e.g., Refs. 1,2). For ase two, by setting the relevant
ommutator relation in eah osillator to one or zero, we utilize an interesting quantum-lassial sheme
3
to learly
haraterize the quantum features in the system.
In order to investigate the time evolution of the wave-funtion and the notion of entanglement in ase one, we
adopt the oupled-boson representation,
4
whih was disussed by Shwinger in terms of the orrespondene between
two one-dimensional linear osillators and an angular momentum osillator. Based on this representation, we will
easily obtain exat energy eigenvalues and eigenstates of ase one. The oupled-boson representation has been used in
ontext with similar types of problems to onstrut an ideal model for quantum-mehanial interferene
5
and to study
the urrent operator in two oupled linear osillator (the rate of exhange of oupation number between osillators).
6
We adopt here 1−Tr (ρˆ(ν))2 as an entanglement measure for the total system in a pure state,7 where ρˆ(ν) is a redued
density matrix of individual osillator ν. We will show that this measure inreases with the oupation number n for
a given initial state for ase one, and with the maximum quantum number j of the angular momentum osillator for
ase two, respetively; this inrease with oupation number results from onsidering a dissipationless and oherent
proess, whereas we know that entanglement will diminish when loss is taken into aount, e.g., resulting from the
(thermal) interation between the system and its environment.
8
For ase two, we will disuss entanglement for the
ases where the angular momentum osillator is in the states j = 12 , 1,
3
2 expliitly.
In setion 2, we study the interation between two linear osillators. The Heisenberg equations of motion are
analyzed in the oupled boson representation, leading to the straightforward diagonalization of the oupled osillator
Hamiltonian; from this diagonalized Hamiltonian, the exat eigenstates and eigenvalues of the oupled osillator
2Hamiltonian are obtained, thus allowing for the alulation of the redued density matrix, and the subsequent study
of the entanglement under the two initial onditions of simple produt state (a disentangled state) and exat eigenstate
for the oupled osillator system (an entangled state).
In setion 3, we study the interation between a linear and a non-linear, angular momentum osillator. We make
use of the seminal work of Ref. 3 to analyze the quantum-mehanial and the lassial dynamis of this interation,
and to onnet the quantum manifestation of spontaneous emission in this system with the notion of entanglement.
Further, the total system Hamiltonian is diagonalized for j = 12 , 1,
3
2 using rotational generating operators of the
group SU(n).9 From this diagonalization, the redued density matrix, and thus the measure of entanglement, is
alulated for simple produt (disentangled) initial states. Unlike the linear-linear osillator system, this oupled
system displays periodiity in the measure of entanglement for j = 12 and j = 1, whereas for j =
3
2 and beyond,
the measure of entanglement is aperiodi; this aperiodiity is shown to be a result of the omplex struture of the
diagonalized multi-level Hamiltonian.
2. INTERACTION OF TWO LINEAR OSCILLATORS
2.1. Quantum behavior in the Heisenberg piture
Let us begin with ase one. The oupled osillator system under investigation is desribed in the rotating wave
approximation by the Hamiltonian
Hˆ = ~ω1
(
aˆ†1 aˆ1 +
1
21
)
+ ~ω2
(
aˆ†2 aˆ2 +
1
21
)
+ ~κ
(
aˆ†1 aˆ2 + aˆ1 aˆ
†
2
)
, (1)
where κ denotes a oupling strength, and we assume that ω1 ≥ ω2. Shwinger found that the quantum-mehanial
angular momentum an be obtained by using reation and annihilation operators of two one-dimensional harmoni
osillators in terms of Jˆl ∝ aˆ† ⊗ aˆ. This is expliitly given as follows:4
Jˆx ≡ ~2
(
aˆ†1 ⊗ aˆ2 + aˆ1 ⊗ aˆ†2
)
, Jˆy ≡ ~2i
(
aˆ†1 ⊗ aˆ2 − aˆ1 ⊗ aˆ†2
)
, Jˆz ≡ ~2 (nˆ1 − nˆ2) , Jˆ ≡ ~2 (nˆ1 + nˆ2) , (2)
where nˆν = aˆ
†
ν aˆν with ν = 1, 2 is obviously an oupation number operator of eah linear osillator ν. From[
aˆµ , aˆ
†
ν
]
= 1 δµν the operators Jˆl, where l = x, y, z, satisfy the usual angular-momentum ommutation relations. The
operator Jˆ yields the quantum number of angular momentum, j = 0, 12 , 1, 32 , · · · . In terms of the angular momentum
operators in (2) the Hamiltonian in (1) is rewritten as
Hˆ = ∆ω Jˆz + 2 κ Jˆx + (ω1 + ω2) Jˆ + 12 ~ (ω1 + ω2) , (3)
where ∆ω ≡ ω1 − ω2 ≥ 0. Sine [Jˆl, Jˆ ] = 0, we easily obtain a onstant of motion Jˆ with j = 12 (n1 + n2) :
i ~
˙ˆJ =
[
Jˆ , Hˆ
]
= 0 , (4)
whih means that the total osillator oupation number is onserved. Also, we nd that
˙ˆJx = −∆ω Jˆy and so Jˆx is
a onstant of motion for ∆ω = 0.
With the aid of the identity,
eϑUˆ Vˆ e−ϑUˆ = Vˆ + ϑ[Uˆ , Vˆ ] + ϑ
2
2! [Uˆ , [Uˆ , Vˆ ]] +
ϑ3
3! [Uˆ , [Uˆ , [Uˆ , Vˆ ]]] + · · · , (5)
we evaluate eiγJˆy(0)/~ Hˆ e−iγJˆy(0)/~, where 0 ≤ γ ≤ pi2 , to arrive at the diagonalized Hamiltonian of eq. (3) as
Hˆd = e
iγJˆy(0)/~ Hˆ e−iγJˆy(0)/~ = 12 ~ (ω1 + ω2) + {∆ω · (cos γ) + 2κ · (sin γ)} Jˆz(0) + (ω1 + ω2) Jˆ , (6)
where tan γ ≡ 2κ∆ω (note that in ase of ∆ω = 0, we have γ = pi2 for any non-zero κ). From eqs. (2), (6) we now obtain
two renormalized unoupled harmoni osillators with the renormalized energy splitting for eah osillator,
Hˆd = ~ω
′
1
(
Aˆ†1 Aˆ1 +
1
2
)
+ ~ω′2
(
Aˆ†2 Aˆ2 +
1
2
)
(7)
3where ω′1 ≡ 12 (ω1+ω2)+ 12 ω¯ , ω′2 ≡ 12 (ω1+ω2)− 12 ω¯. Here, ω¯2 = (2κ)
2
+(∆ω)2, and Aˆν(t) ≡ e−iγJˆy(0)/~ aˆν(t) eiγJˆy(0)/~
expliitly reads (
Aˆ1(t)
Aˆ2(t)
)
= Rˆ
(−γ
2
) ·
(
aˆ1(t)
aˆ2(t)
)
(8)
where the rotation matrix is
Rˆ(ϑ) =
(
cosϑ − sinϑ
sinϑ cosϑ
)
. (9)
Thus, from the Shwinger approah, we realize that the oupling term in eq. (1) an be equivalently represented as
the Jˆx omponent of angular momentum, and therefore, Hˆ in eq. (1) an be diagonalized by a unitary rotational
operator with respet to the angular momentum operator Jˆy(0) through γ.6 Then, using eqs. (7), (8) we easily obtain
the original annihilation operators as
aˆν(t) =
{(
cos γ2
)2
e−iω
′
ν t +
(
sin γ2
)2
e−iω
′
µ t
}
aˆν(0) +
1
2 (sin γ)
(
e−iω
′
1 t − e−iω′2 t
)
aˆµ(0) , (10)
where ν, µ = 1, 2 but ν 6= µ. Here, negleting the non-loal observable aˆµ(0), we obviously have [aˆν(t), aˆ†ν(t)] 6= 1 at
t 6= 0. Now, we easily aquire the exat eigenstates and eigenvalues of the Hamiltonian in (1) as
|n1, n2〉H ≡ e−iγJˆy(0)/~ |n1〉 |n2〉 ; En1,n2 = ~2 (n1 + n2 + 1) (ω1 + ω2) + ~2 (n1 − n2) ω¯ . (11)
We see here that for γ = pi2 (i.e., ∆ω = 0), the eigenstates |n1, n2〉H will also be eigenstates of Jˆx(0) = Jˆx(t).
2.2. Appearane of the entanglement in the Shrödinger piture
Let us now study the entanglement in the time evolution of the two oupled linear osillators, |ψ(t)〉 = e−iHˆt/~ |ψ(0)〉.
To this end, we adopt,
7
as a measure of entanglement,
M|ψ(t)〉 = 1 − P
[
ρˆ(ν)(t)
]
, (12)
where P [ρˆ(ν)] ≡ Trν (ρˆ(ν))2 is the purity measure of the state of eah osillator ν. Here, it learly holds that
P [ρˆ(1)] = P [ρˆ(2)].10 As an also easily be veried, P [ρˆ(ν)] takes on a maximum value of 1 if the osillator ν is in a pure
state; it then follows that M|ψ〉 = 0 for a simple produt (disentangled) state, |ψ〉 = |ψ(1)〉|φ(2)〉. On the other hand,
P [ρˆ(ν)] takes on its minimum value 1M , where M is a number of aessible orthogonal states {|pν〉; p = 1, 2, · · · ,M}
of eah osillator ν, if the osillator ν is in the maximally mixed state given by ρˆ
(ν)
kl =
1
M δkl; then, the orresponding
total wave-funtion |ψ〉 is a maximally entangled state in form of 1√
M
(|11〉|12〉 + |21〉|22〉 + · · · + |M1〉|M2〉), and
M|ψ〉 has its maximum value M−1M . We will expliitly determine M|ψ(t)〉 in its time evolution with mathematially
manageable initial states |ψ(0)〉 given below.
We obtain the redued density matrix, ρˆ(ν)(t), from the system state evolution, |ψ(t)〉, by onstruting the system
density matrix ρˆ(t) = |ψ(t)〉 〈ψ(t)| from the known state of the system, and then taking the trae of ρˆ(t) with respet
to all subsystem matrix elements within the system but those of subsystem ν. For our osillator system under study,
the state evolution is given by
|ψ(t)〉 =
∞∑
n1,n2=0
cn1,n2 |n1, n2〉H e−
i
~
En1,n2 t , (13)
where cn1,n2 = 〈ψ(0)| n1, n2〉∗H . Therefore, in onstruting ρˆ = |ψ〉 〈ψ| from (13), and taking the trae of ρˆ with
respet to osillator 2, we formally aquire the redued density matrix for osillator 1 as
ρˆ
(1)
kl (t) = Tr2 ρˆ(t) =
∞∑
s=0
{ρˆ(t)}ks;ls , (14)
where {ρˆ(t)}ks;ls ≡ 〈s2| 〈k1| ρˆ(t) |l1〉 |s2〉. Using |ψ(t)〉 in eq. (13), we expliitly obtain
ρˆ
(1)
kl (t) =
∑
n1,n2
∑
n′
1
,n′
2
cn1,n2 · c∗n′
1
,n′
2
· e− i~ (En1,n2−En′1,n′2) t ·
∑
s
〈s2| 〈k1| e−iγJˆy/~ |n1〉 |n2〉 · 〈n′2| 〈n′1| eiγJˆy/~ |l1〉 |s2〉 , (15)
4where Jˆy = Jˆy(0), and |n1, n2〉H from eq. (11) has been used in eq. (13) to obtain the expliit result.
Now, in transforming eq. (15) to the oupled-boson representation disussed in eq. (2), we relabel |n1〉|n2〉 and
|n′1〉|n′2〉 in terms of the eigenstates of Jˆz, namely, |j;m〉 and |j′;m′〉, respetively, where j = 12 (n1+n2), m = 12 (n1−n2)
and j′ = 12 (n
′
1 + n
′
2), m
′ = 12 (n
′
1 − n′2). Sine the rotation with respet to Jˆy onserves the quantum number j as
noted in eq. (4), we also nd that
k + s = 2 j ; l + s = 2 j′ . (16)
Taking into aount that m = −j,−j + 1, · · · , j and m′ = −j′,−j′ +1, · · · , j′ for a given j, j′, respetively, it follows
that eq. (15) an be reexpressed as
ρˆ
(1)
kl (t) =
∞∑
j,j′=0
j∑
m=−j
j′∑
m′=−j′
cj,m · c∗j′,m′ · e−
i
~
(Ej+m,j−m−Ej′+m′,j′−m′ ) t · 〈j; k − j| e−iγJˆy/~ |j;m〉 〈j′;m′| eiγJˆy/~ |j′; l − j′〉
(17)
where k = 0, 1, · · · , 2j and l = 0, 1, · · · , 2j′, respetively. Then, in dening k ≡ k − j and l ≡ l − j we relabel ρˆ(1)kl
in terms of ρˆ
(1)
kl
, where k = −j,−j + 1, · · · , j and l = −j′,−j′ + 1, · · · , j′, respetively. This learly shows that two
oupled harmoni osillators an naturally be treated as an angular momentum osillator. We now make use of the
oupled-boson algebra to evaluate the redued density matrix ρˆ
(1)
kl
(t) below for two physially interesting, transparent,
and mathematially manageable initial states, |ψ(0)〉, to illustrate the entanglement measure M|ψ(t)〉, namely, the
ase of a simple produt state, |N1〉 |N2〉 (ase I), and the ase of an eigenstate of the exat Hamiltonian in eq. (3),
|N1, N2〉H of eq. (11) (ase II). In terms of physial interest, the simple produt state in ase I is an initial ondition
whih inherently assumes no entanglement at time zero, whereas ase II, using the exat eigenstate of the Hamiltonian,
impliitly inludes entanglement.
Let us begin with the ase I: |ψ(0)〉 = |N1〉 |N2〉. In the oupled-boson representation, this state beomes |J ;M〉
where J = 12 (N1+N2) andM =
1
2 (N1−N2). We now have cj,m = 〈J ;M | j;m〉
∗
H ·δjJ and c∗j′,m′ = 〈J ;M | j′;m′〉H ·δj′J
in eq. (17) whih then redues to the diagonal form,
ρˆ
(1)
kl
(t) = δkl
J∑
m,m′=−J
〈J ;M | J ;m〉∗H 〈J ;M | J ;m′〉H × 〈J ;k| J ;m〉H 〈J ; l| J ;m′〉∗H ei(m−m
′)ω¯t , (18)
where δkl results from eq. (16) with j = j
′ = J . In eq. (18), all the matrix elements an be written in terms of
〈J ;µ2| J ;µ1〉H ≡ U (J)µ1 µ2(γ) with (µ1 = m,m′) and (µ2 = M,k, l), where U (J)µ1 µ2(γ) is formally expliitly expressed as4
U
(J)
µ1 µ2(γ) =
√
(J+µ2)!
(J−µ2)!
(sin γ2 )
µ1−µ2 (cos γ2 )
−µ1−µ2
(2J+µ2)
√
(J + µ1)! (J − µ1)!
×
(
d
d cos γ
)J−µ2 {
(cos γ + 1)J+µ1 (cos γ − 1)J−µ1} ; (19)
here we see that U
(J)
µ2 µ1(γ) = U
(J)
µ1 µ2(−γ), and {U (J)µ1 µ2(γ)}∗ = U (J)µ1 µ2(γ). Partiularly for the ase that µ2 = J , this
redues further to
U
(J)
µJ (γ) =
√
(2J)!
(J+µ)! (J−µ)!
(− sin γ2 )J−µ (cos γ2 )J+µ , (20)
whih will be used later. Equivalently, U
(J)
µ1 µ2(γ) an be expressed in terms of the tabulated Jaobi polynomial
11
P(α,β)n (x) in the form
U
(J)
µ1 µ2(γ) = (−1)µ1+µ2
√
(J+µ2)! (J−µ2)!
(J+µ1)! (J−µ1)!
(
sin γ2
)µ2−µ1 × (cos γ2 )µ1+µ2 ·
{
P(µ2−µ1,µ1+µ2)J−µ2 (cos γ)
}
. (21)
Reexpressing ρˆ
(1)
kl
in eq. (18) in terms of U
(J)
µ1 µ2(γ), we obtain
ρˆ
(1)
kl
(t) = δkl
J∑
m,m′=−J
{U (J)mM(γ)}∗ · U (J)m′M (γ) · U (J)mk(γ) · {U (J)m′l(γ)}∗ · ei(m−m
′)ω¯t = δkl · f (1)l (t) · {f (1)k (t)}∗ ≡ δkl · |f (1)k (t)|2 ,
(22)
where
f
(1)
k
(t) ≡
J∑
m=−J
U
(J)
mM (γ) · U (J)mk(γ) · e−imω¯t (23)
5with the property that f
(1)
k
(0) = δMk [here, we used the relation that {U (J)mM(γ)}∗ = U (J)mM (γ)℄; f (1)k (t) an be
expliitly evaluated for any set of the harmoni osillator initial ondition numbers, {N1, N2}. We refer the reader to
the Appendix A for the expliit expression of eq. (23) obtained from the substitution of eq. (21), whih will be useful
below. From (22) we obtain the measure of entanglement given by
M|ψ(t)〉 = 1−
J∑
k=−J
|f (1)
k
(t)|4 ≥ 0 . (24)
We note generally that f
(1)
k
in eq. (23) is a time-dependent osillatory funtion with a modal distribution oeient
U
(J)
mM (γ) ·U (J)mk(γ) governing the osillatory strength. This learly inuenes the measure of entanglement as noted in
eq. (24) and as seen in Fig. 1 for spei values of J .
Let us now apply eqs. (22) and (24) for spei values of J . For J = 12 , the total oupation number N1 +N2 = 1,
there are two possible simple produt states
∣∣1
2 ;
1
2
〉
,
∣∣ 1
2 ;− 12
〉
desribing this initial ondition. We an easily evaluate
ρˆ(1)(t): for |ψ1(0)〉 =
∣∣1
2 ;
1
2
〉
, from eqs. (20) and (23) we obtain f
(1)
− 1
2
(t) = cos ω¯t2 + i (cosγ) sin
ω¯t
2 , and then the 2 × 2
diagonal matrix from eq. (22),
ρˆ
(1)
− 1
2
,− 1
2
= 12 (sin γ)
2 {1− cos (tω¯)} ; ρˆ(1)1
2
, 1
2
= 1 − ρˆ(1)− 1
2
,− 1
2
. (25)
Similarly, for |ψ2(0)〉 =
∣∣ 1
2 ;− 12
〉
, we aquire the diagonal matrix ρˆ
(1)
2 (t) whose elements are exhanged from eq.
(25). Due to the fat that P [ρˆ(1)1 (t)] = P [ρˆ(1)2 (t)] ≤ 1, the redued density matries, ρˆ(1)1 (t) and ρˆ(1)2 (t), represent
mixed states, respetively, with both diretly reeting the appearane of entanglement between the two oupled
osillators; this is noted in Fig. 1 with the properties of M|ψ1(t)〉 and M|ψ2(t)〉 as given in eq. (24). This appearane
of entanglement in the time evolution from the disentangled initial produt state for eah ase is learly attributed to
the interation Hamiltonian in (1), i.e., ~κ (aˆ†1 aˆ2 + aˆ1 aˆ
†
2). Likewise, for J = 1,
3
2 , 5 (or N1 + N2 = 2, 3, 10), we also
obtain the entanglement in the time evolution resulting from the interation Hamiltonian. Due to their omplex forms
of eqs. (22) and (24) [see also (A1) and (A2)℄, respetively, we simply plot the exat numerial results of M|ψ(t)〉 for
N = N1 +N2 with |ψ(0)〉 = |N〉|0〉 = |J ; J〉 (see Fig. 1). We learly see that M|ψ(t)〉 inreases with N (or J).
Two points deserve omment here. First, we see that for a given total oupation number N = 2J [onstant of
motion; f. (4)℄, M|ψ(t)〉 is periodi (see Fig. 1), as is the redued density matrix ρˆ(1)(t) due to the lear osillator
dependene on time as seen in f
(1)
k
in (23); on the other hand, this is not the ase for a single osillator oupled with
a thermal reservoir modeled by a sea of innite osillators
12
, for then, dissipative deay of its oupation number into
the the reservoir is eetive. Seond, in alulating ρˆ(2)(t) = Tr1 ρˆ(t) and omparing results to the orresponding
expressions in (14) - (18), one easily arrives at the fat that ρˆ
(2)
kl
= ρˆ
(1)
−k,−l for any J , whih onrms the relationship
valid for any system state |ψ(t)〉 that P [ρˆ(2)] = P [ρˆ(1)], thus indiating the equality of mixture.
Next, we onsider ase II, in whih the initial state is given by an eigenstate of the exat Hamiltonian in eq. (3),
|N1, N2〉H = |J ;M〉H with J = 12 (N1 + N2) and M = 12 (N1 − N2). From eq. (17), we easily obtain the redued
density matrix and the measure of entanglement,
ρˆ
(1)
kl
= δkl ·
∣∣∣〈J ;M ∣∣∣eiγJˆy/~∣∣∣ J ;k〉∣∣∣2 = δkl · |f (2)k |2 , (26)
where
f
(2)
k
≡ Uˆ (J)Mk(γ) . (27)
Here, f
(2)
k
is time-independent, whereas f
(1)
k
(t) from eq. (23) is not as obtained in the previous ase. Also, we an
easily show that ρˆ
(2)
kl
= ρˆ
(1)
−k,−l. Then, as in eq. (24), we have
M|ψ(t)〉 = 1 −
J∑
k=−J
|f (2)
k
|4 . (28)
Partiularly for M = J , namely N2 = 0, from eq. (20) with U
(J)
Jk (γ) = U
(J)
kJ (−γ), we easily nd that
f
(2)
k
= U
(J)
Jk (γ) =
√
(2J)!
k! (2J−k)!
(
cos γ2
)k (
sin γ2
)2J−k
, (29)
6where k = J + k. Therefore, from eq. (26) we arrive at the fat that the oupation number k in osillator 1 is
desribed by the binomial distribution B(k; 2J, p1) with a trial probability p1 = (cos γ2 )2, whih remains unhanged
in the time evolution. Along the same line, for osillator 2, we also have
f
(2)
k
= U
(J)
Jk (γ) =
√
(2J)!
k! (2J−k)!
(
sin γ2
)k (
cos γ2
)2J−k
(30)
and, from eq. (26), the binomial distribution B(k; 2J, p2) with p2 = (sin γ2 )2 for the oupation number k in osillator
2. These redued density matries, ρˆ(1) and ρˆ(2), represent mixed states for γ 6= 0, respetively, due to the fat that
P [ρˆ(1)1 ] = P [ρˆ(1)2 ] ≤ 1, thus indiating the entanglement between the two linear osillators, 0 ≤M|ψ(t)〉 obtained from
eq. (28). Furthermore, as in the previous ase, M|ψ(t)〉 inreases with J (see Fig. 2); it is noted in the gure that
M|ψ(t)〉 → 1 as J →∞.
3. INTERACTION BETWEEN A LINEAR AND A NON-LINEAR OSCILLATOR
3.1. Quantum-lassial behaviors in the Heisenberg piture
The seond oupled system under investigation onsists of a linear osillator and a (non-linear) angular momentum
osillator. This system approximates the interation between a eld mode and an atomi N -level system under ide-
alized onditions resulting from negleting dissipation and the oupling between other surrounding atomi systems.
Following the seminal work of Ref. 3, whih onsidered the analysis quantum-mehanially and also lassially to
ompare one ase with the other systematially, it is onvenient to employ, for the linear osillator, dimensionless
oordinate x and momentum p, where x ≡ √mω
~
x and p ≡ 1√
m~ω
p , satisfying [x, p]
p
= i, and, for the angular mo-
mentum osillator, dimensionless angular momentum variables jx, jy, jz with [jr, js]p = i ǫrst jt, where the brakets
[ , ]p represent the ommutators for the quantum-mehanial desription, and i times the Poisson brakets for the
lassial desription, respetively.
The Hamiltonians of the two individual osillators are then expressed as
H1 =
1
2
~ω1
(
x21 + p
2
1
)
, H2 = ~ω2 (jz)2 , (31)
respetively, and the interation Hamiltonian is given in the rotating wave approximation by
H12 = ~κ
(
a1 (j+)2 + a
†
1 (j−)2
)
, (32)
leading to the total Hamiltonian
H = H0 + H12 ; H0 ≡ H1 + H2 . (33)
Here, we have
a1 ≡ 1√2 (x1 + i p1) , a
†
1 ≡ 1√2 (x1 − i p1) , (j+)2 ≡
1√
2
{
(jx)2 + i (jy)2
}
, (j−)2 ≡ 1√2
{
(jx)2 − i (jy)2
}
(34)
(lassially, Hermitian onjugation orresponds to omplex onjugation). These non-Hermitian variables and (jz)2
learly obey
[
a1, a
†
1
]
p
= 1 , [(j+)2 , (j−)2]p = (jz)2 , [(j+)2 , (jz)2]p = − (j+)2 , [(j−)2 , (jz)2]p = (j−)2 (35)
with all other brakets vanishing. From now on, let us restrit ourselves to the resonant ase, ω1 = ω2 ≡ ω. In order
to make later alulations simpler, we then introdue the redued variables
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speied, with the aid of the identity
(5) [for the lassial desription, the ommutators therein have to be obviously replaed by i times Poisson brakets℄
and the rules in (35), by
A1 ≡ e−iH0 t/~ a1 eiH0 t/~ = a1 eiωt , A†1 ≡ e−iH0 t/~ a†1 eiH0 t/~ = a†1 e−iωt (36)
and, similarly,
(J+)2 = (j+)2 e
−iωt , (J−)2 = (j−)2 e
iωt , (Jz)2 = (jz)2 , (37)
7respetively. These redued variables are easily seen to satisfy the same braket relations as the orresponding
unredued variables, namely,
[
A1, A
†
1
]
p
= 1 , [(J+)2 , (J−)2]p = (Jz)2 , [(J+)2 , (Jz)2]p = − (J+)2 , [(J−)2 , (Jz)2]p = (J−)2 . (38)
The interation Hamiltonian in (32) is now rewritten as
H12 = ~κ
{
A1 (J+)2 + A
†
1 (J−)2
}
, (39)
and the equations of motion in terms of the redued variables will be given by
i ~ O˙(t) = [O(t), H12]p , (40)
where O stands for any of the above redued variables.
From eqs. (38), (40) it follows that
A˙1 = −i κ (J−)2 , A˙†1 = i κ (J+)2 ,
˙(J+)2 = −i κA†1 (Jz)2 , ˙(J−)2 = i κA1 (Jz)2 , ˙(Jz)2 = −i κ
{
A1 (J+)2 − A†1 (J−)2
}
(41)
and then
¨(Jz)2 = −κ2
{
(J−)2 (J+)2 + (J+)2 (J−)2 +
(
A1A
†
1 + A
†
1 A1
)
(Jz)2
}
= −2 κ2
{
(J−)2 (J+)2 + A1A
†
1 (Jz)2
}
, (42)
whih, as shown previously,
3
hold both quantum-mehanially in the Heisenberg piture and lassially on the basis
of the Poisson braket in phase spae.
From the equation of motion in eq. (40) it turns out that the sum of the (dimensionless) energy of both osillators,
E = n1 + (Jz)2 with n1 ≡ A†1A1 (without the zero-point energy of the linear osillator in the quantum-mehanial
desription), and the interation Hamiltonian H12 are onstants of motion, respetively, whih are determined by
a given initial state. As well, the square of a given total angular momentum of the angular momentum osillator,
J2 = (Jx)
2
2 + (Jy)
2
2 + (Jz)
2
2 = (J+)2 (J−)2 + (J−)2 (J+)2 + (Jz)
2
2 , is also a onstant of motion. Then, substituting the
expressions
A1A
†
1 = E − (Jz)2 +
[
A1, A
†
1
]
, 2 (J−)2 (J+)2 = J
2 − (Jz)22 − [(J+)2 , (J−)2] (43)
(note that there are no subsripts p of the brakets) into eq. (42), we obtain
¨(Jz)2 = κ
2
{
3 (Jz)
2
2 − 2
(
E +
[
A1, A
†
1
])
(Jz)2 + [(J+)2 , (J−)2] − J2
}
. (44)
Let us introdue the notation [
A1, A
†
1
]
= λ1 , [(J+)2 , (J−)2] = λ2 (Jz)2 , (45)
where λk = 1, 0 with k = 1, 2 orrespond to the quantum-mehanial and the lassial desription of eah osillator,
respetively. Eq. (44) is now redued to
¨(Jz)2 = κ
2
{
3 (Jz)
2
2 − (2 E + 2λ1 − λ2) (Jz)2 − j (j + λ2)
}
, (46)
where the onstant of motion J2
.
= j (j + λ2) with j being lassially (λ2 = 0) the total (ontinuous) angular
momentum and quantum-mehanially (λ2 = 1) the orresponding quantum number. Here, (Jz)2 is, learly, an
operator for λ2 = 1, with the property 〈(Jz)22〉 6= 〈(Jz)2〉2 in general. Eq. (46) is a non-linear dierential equation
for (Jz)2 in both the lassial and quantum-mehanial desription. Sine [(Jz)2 , E]p = [
˙(Jz)2, E]p = 0 (note that
E = n1 + (Jz)2), it follows that in the quantum-mehanial onsideration of eq. (46) the onstant of motion E an be
treated as a c-number.
We now onsider eq. (46) with two interesting initial states. First, for the ground state with n1 = 0 and (Jz)2 = −j,
then E ≡ Eg = −j; it immediately follows that eq. (46), at t = 0, beomes
¨(Jz)2
∣∣∣
t=0
= 2 κ2 (λ1 − λ2) j . (47)
8Quantum-mehanially, this state orresponds obviously to |ψg〉 ≡ |0〉1 |j,−j〉2. From the fat that eah osillator
with the minimum energy annot give up further energy, we neessarily have
¨(Jz)2 = 0 here, whih indiates that
only λ1 ≡ λ2 = 0, 1 simultaneously are physially allowed. For the quantum desription, the zero-point utuation
λ1 = 1 would yield a positive fore on the angular momentum osillator, and the utuation λ2 = 1 of the angular
momentum osillator would lead to energy transfer into the linear osillator; however, the two formal proesses are
always anelled suh that they are not part of the real (or measurable) physial proesses of energy transfer.
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Therefore, the semilassial option with λ1 = 0 and λ2 = 1, and vie versa, is not physially admissible for the
ground state |ψg〉, and is thus inappropriate for the system analysis.
Another initial state under investigation is the state E = j with n1 = 0 and (Jz)2 = j, quantum-mehanially
|ψJ〉 ≡ |0〉1 |j, j〉2. Then, eq. (46), at t = 0, redues to
¨(Jz)2
∣∣∣
t=0
= −2 κ2 λ1 j , (48)
independent of λ2! This demonstrates that only for the quantum desription of the linear osillator (λ1 = 1) is
spontaneous emission available, whih arises from the zero-point utuation. Interestingly, it points out that for
λ1 = 0, there exists an unstable equilibrium leading to the absene of spontaneous emission; the unstable equilibrium in
the lassial desription (λ1 = λ2 = 0) and the presene of spontaneous emission for λ1 = 1 were thoroughly disussed
in Ref. 3. Here, we onnet the spontaneous emission proess with the notion of entanglement. In onsidering the time
evolution of the wave-funtion for the spontaneous emission in the Shrödinger piture, |ψ(t)〉 = e−iHt/~ |0〉1 |j, j〉2
with the Hamiltonian H in eq. (33), we now neessarily have the entangled state for t→ 0+, i.e., early time beyond
the initial time, whih is given by
|ψ(t)〉 = |0〉1 |j, j〉2 − i t
{
ω
(
j + 12
) |0〉1 |j, j〉2 − κ√j |1〉1 |j, j − 1〉2} + O(t2) . (49)
This entanglement is expliitly shown in a ompat form for the two-level ase (j = 12 ) later in eq. (58) and in the
more omplex form for the three-level ase (j = 1) in (71). Therefore, for the quantum desription λ1 = λ2 = 1,
the entanglement is always temporally present in the spontaneous emission proess. Here, interestingly enough, we
still have the spontaneous emission for large enough j, whih immediately leads to the fat that the entanglement
persists even as the oupled angular momentum osillator is taken to the limit of a large number of levels, a limit
whih would go over to the lassial limit for an unoupled angular momentum osillator. In essene, the state |ψJ〉
of the uppermost exited state of a j-level angular momentum osillator is always oupled to the vauum state of the
linear osillator.
From eqs. (39), (41) we also obtain
˙(Jz)
2
2 + K
2 = 2 κ2
{
A1A
†
1 (J+)2 (J−)2 + A
†
1 A1 (J−)2 (J+)2
}
, (50)
where K ≡ H12/~, and subsequently, with the aid of eqs. (43), (45), the expression
˙(Jz)
2
2 = 2 κ
2
[{
(Jz)2 −
(
E + λ12
)} {
(Jz)
2
2 −
(
j (j + λ2) − 12λ1 λ2
)}]
+
(
E + λ12
)
λ1 λ2 κ
2 − K2 . (51)
In Ref. 3, it was indiated that in the lassial desription (λ1 = λ2 = 0) eq. (51) has the form of an equation for
the vertial position Jz of a lassial spherial pendulum, where the onstant of motion K represents an angular
momentum about the vertial axis through the enter. It turns out that for n1 = 0 and (Jz)2 = j we get K = 0 from
(39) with A1 =
√
n1 e
i θ1 , A∗1 =
√
n1 e
−i θ1
and J± =
√
(J2 − (Jz)2)/2 e±i θ2 (note that in the quantum desription
the onstant of motion 〈ψJ|K2 |ψJ〉 6= 0) and then ˙(Jz)
2
2 = 0 from (51). With
¨(Jz)2 = 0 in eq. (48), this reveals that
the initial state (n1 = 0, (Jz)2 = j) orresponds to an unstable equilibrium of the pendulum.
Here, it is also worthwhile pointing out here that the semilassial treatment of Jaynes-Cummings
15
reprodues this
spontaneous emission for j = 12 only, with the same deay rate as that given by the quantum-mehanial desription;
this is aomplished by adding a phenomenologial damping term to the lassial equation of motion of the linear
osillator whih would result from the interation with the instantaneous expetation value of the dipole moment of
the angular-momentum osillator. Therefore, the Jaynes-Cummings model just provides an artiial piture of the
spontaneous emission without desribing the atual physial proesses involved therein (e.g., entanglement), and also
without oering a diret way for its extension to more than the two-level ase (j ≥ 1).
93.2. Appearane of the entanglement in the Shrödinger piture
In order to study the appearane of the entanglement between the linear and the angular momentum osillators in
the quantum desription, we disuss the state evolution of the total system in the Shrödinger piture given by
Hˆ = ~ω (nˆ1 +
1
2 ) + ~ω Jˆz + ~κ (Aˆ1 Jˆ+ + Aˆ
†
1 Jˆ−) (52)
from eqs. (31) - (33) with the redued variables in eqs. (36) - (37) for the resonant ase, ω1 = ω2 ≡ ω. We will
expliitly onsider below the measure of entanglement for the ases of j = 12 , 1,
3
2 of the angular momentum osillator.
To this end, as will be seen, the (2j+1)× (2j+1) irreduible matrix representation for the total system is employed,
whih is also systematially appliable for j ≥ 2. Here, we assume that the given total energy (a onstant of motion)
is given by E ≡ n1 + Jz = n1 + j ≥ j.
3.2.1. Case j = 1
2
We rst onsider the ase of j = 12 , namely, a two-level angular momentum osillator interating with a linear
osillator. For the total energy E = n1 + j = n1 +
1
2 , the basis {|n1 + 1,− 12 〉, |n1, 12 〉} allows us to rewrite eq. (52) in
expliit operator form
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as
Hˆ = (n1 + 1) ~ω
{ ∣∣n1 + 1,− 12〉 〈n1 + 1,− 12 ∣∣ + ∣∣n1, 12〉 〈n1, 12 ∣∣ } +
1√
2
~κ
√
n1 + 1
{ ∣∣n1 + 1,− 12〉 〈n1, 12 ∣∣ + ∣∣n1, 12〉 〈n1 + 1,− 12 ∣∣ } . (53)
This an be written in a 2× 2 matrix form as
Hˆ = (n1 + 1) ~ω 1 2 +
1√
2
~κ
√
n1 + 1 σˆx , (54)
where σˆx = 2Jˆx denotes the Pauli matrix. Using the identity,
eiασˆy σˆx e
−iασˆy = (cos 2α) σˆx + (sin 2α) σˆz (55)
with α = pi4 , we arrive at the diagonalized Hamiltonian for eq. (54) as
Hˆd = (n1 + 1) ~ω 1 2 +
~κ√
2
√
n1 + 1 (sin 2α) σˆz . (56)
Aordingly, we aquire the energy eigenstates as
|12〉 = e−ipi4 σˆy
∣∣n1 + 1,− 12〉 = 1√2 (|n1 + 1,− 12 〉 + |n1, 12 〉) , |22〉 = e−ipi4 σˆy
∣∣n1, 12〉 = 1√2 (−|n1 + 1,− 12 〉 + |n1, 12 〉) (57)
with the orresponding eigenvalues, E1 = (n1 +1) ~ω− ~κ√2
√
n1 + 1 and E2 = (n1 +1) ~ω+
~κ√
2
√
n1 + 1, respetively.
Then, just as in disussion related to eq. (13) for the two oupled linear osillators, the state evolution for the
initial state |ψ(0)〉 =
∣∣n1, 12〉 is given by
|ψ(t)〉 = 1√
2
|12〉 e− i~E1t − 1√2 |22〉 e−
i
~
E2t . (58)
This state expliitly inludes the possibility of spontaneous emission (n1 = 0). From eq. (58), we easily aquire the
redued density matrix of the angular momentum osillator as
ρˆ(2)(t) = Tr1 |ψ(t)〉〈ψ(t)| = sin2
(
κt√
2
√
n1 + 1
) ∣∣− 12〉 〈− 12 ∣∣ + cos2
(
κt√
2
√
n1 + 1
) ∣∣ 1
2
〉 〈
1
2
∣∣ , (59)
whih represents a mixed state. Therefore, it immediately follows that
P [ρˆ(2)] = sin4
(
κt√
2
√
n1 + 1
)
+ cos4
(
κt√
2
√
n1 + 1
)
, (60)
with M|ψ(t)〉 = 1− P [ρˆ(2)] whih osillates between 0 and 12 in the time evolution, thus indiating the appearane of
entanglement between the linear and the angular momentum osillators (see Fig. 3). Furthermore, from eq. (59) we
nd, after a minor alulation, that
〈Jˆz〉 = Tr2 {ρˆ(2)(t) · Jˆz} = 12 , cos
(
κt√
2
√
n1 + 1
)
, 〈Jˆ2z 〉 = 14 , 〈Jˆ3z 〉 = 18 cos
(
κt√
2
√
n1 + 1
)
. (61)
Therefore, from eqs. (46), (61), it follows that
〈 ¨ˆJz〉 = −2 (n1 + 1)κ2 〈Jˆz〉 , (62)
whih obviously yields the onsistent result with that in eq. (48) for the ase that n1 = 0 and Jz = j =
1
2 .
10
3.2.2. Case j = 1
Next, we onsider the ase of j = 1. For the total energy E = n1+1, from eq. (52) with the basis {|n1+2,−1〉, |n1+
1, 0〉, |n1, 1〉}, the Hamiltonian takes up the 3× 3 irreduible matrix representation
Hˆ
.
=


(
n1 +
3
2
)
~ω
√
n1 + 2 ~κ 0
√
n1 + 2 ~κ
(
n1 +
3
2
)
~ω
√
n1 + 1 ~κ
0
√
n1 + 1 ~κ
(
n1 +
3
2
)
~ω

 . (63)
Based on the generating operators of the group SU(n),9 where n = 2j + 1 (see Appendix B), the Hamiltonian in eq.
(63) an be reexpressed as
Hˆ = ~ω
(
n1 +
3
2
)
1 3 + Hˆ12 , Hˆ12 = ~κ
√
n1 + 2 uˆ12 + ~κ
√
n1 + 1 uˆ23 , (64)
where uˆ12 and uˆ23 are generating operators of SU(n), and their matrix forms are expliitly given in eq. (B3).
Here, it is interesting to note that for a large n1 ≫ 1 suh that
√
n1 + 1 ≈
√
n1 + 2, the Hamiltonian in eq. (63)
an be transformed approximately to
Hˆ ≃ (n1 + 32) ~ω 1 3 + √2 (n1 + 2) ~κ Jˆx , (65)
whih formally orresponds to the exat Hamiltonian for j = 12 in eq. (54) with Jˆx = σˆx/2. Thus, for a large n1, we
have an approximate diagonalized representation Hˆd for j = 1, based on the previous result.
For the ase of general n1, proeeding from eq. (63), we easily obtain the energy eigenstates with respet to the
basis {|n1 + 2,−1〉, |n1 + 1, 0〉, |n1, 1〉} as
|13〉 .= 1√
2 (2n1 + 3)


√
n1 + 2√
2n1 + 3√
n1 + 1

 , |23〉 .= −1√2n1 + 3


√
n1 + 1
0
−√n1 + 2

 , |33〉 .= 1√
2 (2n1 + 3)


√
n1 + 2
−√2n1 + 3√
n1 + 1

 ,
(66)
and the orresponding energy eigenvalues,
E1 =
(
n1 +
3
2
)
~ω + κ ~
√
2n1 + 3 , E2 =
(
n1 +
3
2
)
~ω , E3 =
(
n1 +
3
2
)
~ω − κ ~√2n1 + 3 , (67)
respetively. Therefore, the diagonalized Hamiltonian is given by
Hˆd = ~ω
(
n1 +
3
2
)
1 3 + ~κ
√
2n1 + 3 ( |13〉 〈13| − |33〉 〈33| ) . (68)
In order to diagonalize the Hamiltonian Hˆ in eq. (52) for higher manifolds of j, it is instrutive to systematially
analyze the above diagonalization of Hˆ and onrm for j = 12 , 1. In seeking the rotational operation that diagonalizes
Hˆ in eq. (64) to ahieve Hˆd, it is neessary to onsider the unitary, Euler-like transformation
Hˆd = e
iα3 vˆ13 eiα2 vˆ23 eiα1 vˆ12 Hˆ e−iα1 vˆ12 e−iα2 vˆ23 e−iα3 vˆ13 (69)
omprising three sequential, non-ommuting rotations with respet to (vˆ12, vˆ23, vˆ13) dened in (B4), with Euler angles
(α1, α2, α3). Then, as previously aomplished for the ase of j =
1
2 in eqs. (54) - (56), here we similarly hoose
(α1 = −pi2 ; cosα2 =
√
n1 + 1/
√
2n1 + 3, sinα2 = −
√
n1 + 2/
√
2n1 + 3 ; α3 = −pi4 ) to obtain Hˆd in eq. (68).
This learly shows that the diagonalization of the Hamiltonian in eq. (64) annot be desribed by a simple rotation
suh as Rˆ(j=1)(α, β, γ) = e−iαJˆz e−iβJˆy e−iγJˆz of an angular momentum osillator,9 whereas for j = 12 , the rotation
Rˆ(j=
1
2
)(0, 12 , 0) was used in eq. (55) to diagonalize Hˆ in eq. (54). However, for the ase of j = 1 and large n1 ≫ 1
given in eq. (65), the diagonalization an be approximately aomplished by Rˆ(1)
(
0, pi2 , 0
)
. Finally, it an be shown
by indution, for general j, that the diagonalization of the Hamiltonian in eq. (52) is generally haraterized by
1
2 (n
2−n) rotation angles {α1, α2, · · · , α 1
2
(n2−n)} with respet to the set {vˆjk} as given in eq. (B2), where n = 2j+1.
Let us now onsider the state evolution with the initial ondition |ψ(0)〉 = |n1, 1〉; just as in eq. (13), from eqs.
(66), (67) we nd that
|ψ(t)〉 =
√
n1+1
2(2n1+3)
|13〉 e− i~E1t +
√
n1+2
2n1+3
|23〉 e− i~E2t +
√
n1+1
2(2n1+3)
|33〉 e− i~E3t . (70)
11
From this state, we obtain, after some alulations, the redued density matrix of the angular momentum osillator,
ρˆ(2)(t) = Tr1|ψ(t)〉〈ψ(t)| = 1(2n1+3)2 ×
[
4(n1 + 1)(n1 + 2) sin
4
(√
2n1+3
2 κt
)
| − 1〉〈−1| +
(n1 + 1)(2n1 + 3) sin
2
(√
2n1 + 3κt
) |0〉〈0| + {2(n1 + 1) cos2
(√
2n1+3
2 κt
)
+ 1
}2
|1〉〈1|
]
. (71)
This redued density matrix represents a mixed state with P [ρˆ(2)] ≤ 1 and M|ψ(t)〉 ≥ 0, diretly reeting the
entanglement of the total state |ψ(t)〉 [here, eq. (71) for j = 1 is omparable to eq. (59) for j = 12 ℄. Furthermore, by
noting that |ψ(t+T )〉 ≡ e−iHˆd T /~ |ψ(t)〉 = |ψ(t)〉 for a given t with the diagonalized form Hˆd in eq. (68), we an easily
show that the state evolution in eq. (70) displays periodiity with period T = 2pi√
2n1+3κ
as noted in Fig. 3. This means
that the time evolution operator Uˆ(t) = e−iHˆt/~, expressed here with respet to the basis {1 3, λˆp| p = 1, 2, · · · , 32−1}
given in Appendix B, as
Uˆ(t) = 1 3 +
32−1∑
p=1
Up(t) λˆp , (72)
where Up(t) ≡ Tr {Uˆ(t) λˆp} and Up(0) = 0 for all p, has the periodi property that Up(t) = Up(t+ T ).
3.2.3. Case j = 3
2
Let us onsider the ase of j = 32 , where the Hamiltonian of eq. (52) for the total energy E = n1 +
3
2 is given by
Hˆ = ~ω (n1 + 2) 1 4 + Hˆ12 ; Hˆ12 = ~κ
(√
3(n1+3)
2 uˆ12 +
√
2(n1 + 2) uˆ23 +
√
3(n1+1)
2 uˆ34
)
. (73)
The diagonalized form of eq. (73) an be obtained, after tedious alulations similar to those desribed in the previous
ase, as
Hˆd = ~ω (n1 + 2) 1 4 +
κ ~
2
{√
θ1 + θ2 ( |14〉 〈14| − |24〉 〈24| ) +
√
θ1 − θ2 ( |34〉 〈34| − |44〉 〈44| )
}
, (74)
where θ1 = 20 + 10n1; θ2 = 2
√
73 + 64n1 + 16n21 , and the |p4〉's with p = 1,2,3,4 denote energy eigenvetors.
Due to the omplex form of the redued density matrix of the angular momentum osillator, ρˆ(2)(t) =
Tr1|ψ(t)〉〈ψ(t)|, and the measure of entanglement, M|ψ(t)〉 = 1 − P [ρˆ(2)(t)], obtained from |ψ(t)〉 = e−iHˆt/~ |ψ(0)〉
with |ψ(0)〉 = |n1, 32 〉, we simply plot the exat numerial results of M|ψ(t)〉 in Figs. 4, 5.
Based on the numerial analyses
17
and the statistial approximation in terms of lassial random variables
3
, it has
been shown that 〈Jˆz(t)〉 with |ψ(0)〉 = |0, j〉 exhibits aperiodi behavior in its time evolution for all j ≥ 32 , even for j
large enough (i.e., in the lassial limit for an unoupled angular momentum osillator), while the lassial ounterpart
displays periodi motion on the spherial pendulum [f. eq. (51) with λ1 = λ2 = 0 and K = 0; note that for this initial
state, the angular momentum K about the vertial axis through the enter vanishes℄. This shows that the aperiodiity
in the time evolution would be of non-lassial origin. We indiate this aperiodiity for any n = 2j + 1 ≥ 4 here by
noting the impossibility of having the periodi property Uˆ(t) ≡ e−iHˆt/~ = 1 n for arbitrary t; from eq. (74), we nd,
after some alulations, that
Uˆ(t) = e−
i
~
Hˆd t
(75)
= e−iωt(n1+2) ( e−i
κ
2
√
θ1+θ2 t |14〉〈14| + eiκ2
√
θ1+θ2 t/2 |24〉〈24| + e−iκ2
√
θ1−θ2 t |34〉〈34| + eiκ2
√
θ1−θ2 t |44〉〈44| ) .
Sine here the phase fators, κ
√
θ1 + θ2/2 and κ
√
θ1 − θ2/2, are inommensurable with respet to eah other, we
immediately note that not all Uk(t) in the expression
Uˆ(t) = 1 4 +
42−1∑
k=1
Uk(t) λˆk (76)
an simultaneously vanish periodially, whih leads to the aperiodiity in the state evolution |ψ(t)〉 = Uˆ(t) |ψ(0)〉 (see
Figs. 4, 5). Along the same line, it an be shown that we have the diagonalized Hamiltonian for any j in form
Hˆd = ~ω
(
n1 +
1
2 + j
)
1 n + κ ~ {β1 ( |1n〉 〈1n| − |2n〉 〈2n| ) + · · · +
βm ( |(2m− 1)n〉 〈(2m− 1)n| − |(2m)n〉 〈(2m)n| ) + · · · + βn/2 ( |(n− 1)n〉 〈(n− 1)n| − |nn〉 〈nn| )
}
,(77)
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where n = 2j + 1, and βm = βm(n1) with m = 1, 2, · · · , n2 ; |pn〉's denote energy eigenvetors. Here, eah βm1 is, in
general, inommensurable with any other βm2 , where m1 6= m2, and for the ase that n is odd, one of βm's always
vanishes. Therefore, we have
Uˆ(t) = e−
i
~
Hˆd t = e−iωt(n1+
1
2
+j) ( e−iκ β1 t |1n〉〈1n| + eiκ β1 t |2n〉〈2n| + · · · + e−iκ βm t |(2m− 1)n〉〈(2m− 1)n| +
eiκ βm t |(2m)n〉〈(2m)n| + · · · + e−iκ βn/2 t |(n− 1)n〉〈(n− 1)n| + eiκ βn/2 t |nn〉〈nn| ) , (78)
thus showing that Uˆ(t) 6= 1 n for any t unless all βm are ommensurable with eah other. From this, we easily nd
that the aperiodi behavior in the state evolution, |ψ(t)〉 = Uˆ(t) |ψ(0)〉, will survive and even inrease with n ≥ 4, i.e.,
j ≥ 32 [note that for j = 1, we obviously have β1 only, whih leads to the periodiity in the state evolution: Uˆ(t) = 1 3
for the ase that κβ1 t = ±2π,±4π,±6π, · · · ℄.
4. CONCLUSIONS
In summary, we have investigated the fundamental dynamis of two interating osillators: in one senario, two
linear osillators, and in the other senario, a linear and a non-linear osillator have been onsidered. For the rst
senario, based on the oupled boson representation we ompatly desribed the equation of motion in the Heisenberg
piture and also systematially studied the quantum entanglement in the time evolution of the total wave-funtion
|ψ(t)〉 for various initial states in the Shrödinger piture. From this, we found that the appearane of entanglement
in the time evolution from the disentangled initial simple produt state is attributed to the interation between the
two individual osillators. Also, the measure of entanglement inreases with the total oupation number.
For the seond senario, quantum versus lassial behaviors have been studied, based on the Heisenberg equation
developed in terms of relevant redued kinematis operator variables and parameterized ommutator relations. By
setting the orresponding ommutator relations to one or zero, respetively, the Heisenberg equations are shown to
desribe the full quantum or lassial motion of the interation system, thus allowing us to disern the dierenes
between the fully quantum and fully lassial dynamial piture. In addition, for this seond senario, in the fully
quantum-mehanial desription, we onsidered speial examples of j = 12 , 1,
3
2 for the oupled angular momentum
state, demonstrating the expliit appearanes of entanglement. The entanglement inreases with j and so persists even
as j → ∞, a limit whih would go over to the lassial piture for an unoupled angular momentum osillator. This
entanglement ours beause the uppermost exited state of the j-level angular momentum osillator is always oupled
to the vauum state of the linear osillator, a purely quantum oupling whih manifestly gives rise to spontaneous
emission. We have also shown that the dynamis of this senario an be systematially desribed by the irreduible
matrix representation based on the generating operators of the group SU(n), while that of the rst senario an
be given, based on the oupled boson representation, simply by the rotations of an angular momentum osillator.
For the oupled linear-angular momentum osillator, this system was shown to display periodiity in the measure of
entanglement for j = 12 and j = 1, whereas for j =
3
2 and beyond, the measure of entanglement was shown to be
aperiodi; this aperiodiity is apparent from the form of the diagonalized multi-level Hamiltonian and the resulting
struture of the time evolution operator.
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APPENDIX A: MATHEMATICAL SUPPLEMENTS TO EQ. (23)
From eqs. (21) and (23) with the relation that U
(J)
mk(γ) = U
(J)
km(−γ), we nd that
f
(1)
k
(t) = (−1)M
√
(J+M)! (J−M)!
(J+k)! (J−k)!
(
sin γ2
)M−k (
cos γ2
)M+k ×
J∑
m=−J
(−1)m (cos γ2 )2m ·
{
P(M−m,M+m)J−M (cos γ)
}
·
{
P(m−k,m+k)J−m (cos γ)
}
· e−imω¯t . (A1)
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Partiularly for the ase that γ = pi2 , namely ω1 = ω2, eq. (A1) redues to
f
(1)
k
(t) = 14J
√
(J+M)! (J−M)!
(J+k)! (J−k)!
J∑
m=−J
e−imω¯t ·
J−M∑
p=0
J−m∑
q=0
(−1)p+q · (J−mp ) ( J+mJ−M−p) (J−kq ) ( J+kJ−m−q) , (A2)
where
(
n
k
)
= n!k! (n−k)! .
APPENDIX B: GENERATING OPERATORS OF THE GROUP SU(N)
The set of the generating operators is given by
9
λˆ = {λˆp| p = 1, 2, · · · , n2 − 1} = {uˆ12, uˆ13, uˆ23, · · · , vˆ12, vˆ13, vˆ23, · · · , wˆ1, wˆ2, · · · , wˆn−1} , (B1)
where |λˆ| = n2 − 1, and
uˆkl = Pˆkl + Pˆlk ; vˆkl = i (Pˆkl − Pˆlk) ; wˆm = −
√
2
m(m+1) (Pˆ11 + Pˆ22 + · · ·+ Pˆmm −mPˆm+1,m+1) . (B2)
Here, 1 ≤ k < l ≤ n, and |{uˆkl}| = |{vˆkl}| = 12 (n2 − n), where {uˆkl} and {vˆkl} denote {uˆ12, uˆ13, uˆ23, · · · , uˆn−1,n} and{vˆ12, vˆ13, vˆ23, · · · , vˆn−1,n}, respetively; 1 ≤ m ≤ n−1, and |{wˆm}| = n−1, where {wˆm} denotes {wˆ1, wˆ2, · · · , wˆn−1}.
Pˆkl = |k〉〈l| represents a projetion operator for k = l, and a transition operator for k 6= l. For n = 2 (i.e., j = 12 ), the
generators (uˆ12, vˆ12, wˆ1) exatly orrespond to (σˆx, σˆy, σˆz). For n = 3 (i.e., j = 1), three generators {uˆ12, uˆ23, uˆ13},
for example, have the matrix representations,
uˆ12 = Pˆ12 + Pˆ21
.
=

 0 1 01 0 0
0 0 0

 , uˆ23 = Pˆ23 + Pˆ32 .=

 0 0 00 0 1
0 1 0

 , uˆ13 = Pˆ13 + Pˆ31 .=

 0 0 10 0 0
1 0 0

 , (B3)
respetively. Similarly, for 3 generators {vˆ12, vˆ23, vˆ13}, we have
vˆ12
.
=

 0 i 0−i 0 0
0 0 0

 , vˆ23 .=

 0 0 00 0 i
0 −i 0

 , vˆ13 .=

 0 0 i0 0 0
−i 0 0

 . (B4)
The set {1 n, λˆp| p = 1, 2, · · · , n2 − 1} an be used as a well-dened basis of the spae of n× n matries.
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FIG. 1: The measure of entanglement, y(t) = M|ψ(t)〉 given in eq. (24) versus time t is depited for κ = 1 and initial states
|ψ(0)〉 = |N〉|0〉 = |J ; J〉, where N = 1, 2, 3, 10 (i.e., J = 1
2
, 1, 3
2
, 5) in progressive order from bottom to top; the solid lines are
obtained for γ = pi
2
(or ω1 = ω2), while the dash lines for γ =
pi
4
(or ω1 − ω2 = 2).
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FIG. 2: The measure of entanglement, y = M|ψ(t)〉, as given in eq. (28), versus J is depited for κ = 1 and initial states
|ψ(0)〉 = |J ; J〉H = |N, 0〉H [f. eq. (29)℄; the irles (◦) are used to indiate γ =
pi
2
while the boxes () indiate γ = pi
4
. As
noted in eq. (27), y is time-independent.
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FIG. 3: The measure of entanglement, y(t) = M|ψ(t)〉 versus time t is depited for κ = 1, ∆ω = 0, and initial states
|ψ(0)〉 = |n1, j〉; the solid lines are obtained for n1 = 0, while the dash lines for n1 = 20; j =
1
2
, 1 from bottom to top [f. eqs.
(60), (71)℄; for j = 1
2
, the urrent y(t) takes up the form of the y(t) given in Fig. 1; for j = 1, the urrent y(t) beomes loser
in form to the y(t) given in Fig. 1 with the inrease of n1.
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FIG. 4: The measure of entanglement, y(t) =M|ψ(t)〉 versus time t is depited for κ = 1, ∆ω = 0, and |ψ(0)〉 = |n1 = 0, j =
3
2
〉;
we see here the the aperiodi behavior of y(t), and its maximum ym is larger than maxima of the y(t) (solid lines) for j =
1
2
, 1
given in Fig. 3.
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FIG. 5: The measure of entanglement, y(t) =M|ψ(t)〉 versus time t is depited for κ = 1, ∆ω = 0, and |ψ(0)〉 = |n1 = 20, j =
3
2
〉;
we also here see the the aperiodi behavior of y(t), and its maximum ym is larger than maxima of the y(t) (dash lines) for
j = 1
2
, 1 given in Fig. 3.
